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LETTER TO THE EDITOR

Deformation of the Askey—-Wilson algebra with three
generatorsy

A N Lavrenovi

Research Instiewte of Applied Physical Problems, Kurchatov Street 7-61F, Minsk, 220064,
Belarus

Received 31 May 1995

Abstract. A most general algebra with three penerators and with ladder and duality properties,
GAW(3), is considered. It is shown that the obtained algebra corresponds to (p, g)-deformation
of the Askey—Wilson algebra, For the new algebra GAW(3) the ladder representation is
constructed and the overlap problem is discussed.

The study of the general algebras with nonlinear commutation relations is an old and
uniesolved complete problem. Two directions of this research may be detected. The former
deals with the raising of the polynomial order of the nonlinearity. A recent expressive
example in this direction can be found in [1]. The latter is connected with the input of
deformed parameters in the commutators of the considered algebra, i.e. the so-called g- or
{p, g)-deformation of algebra (for example, see [2]). Of course, there are articles including
both these ideas. In particular, the g-deformed quadratic algebra with three generators (the
so-called quadratic Askey—Wilson QAW(3)} was analysed in [3] by a simple, but effective,
abstract scheme.

In this letter I would like to find the most general algebra with three generators with
important ladder and duality properties [3,4]. The automorphism of the given aigebra
as an exchange of two generators between itself, and an appropriate exchange of the
structure constants and the deformed parameters, defines the duality property. Creation—
annihilation operators as linear combipations of the original one give the probability to build
all eigenstates from one state and completely determine the ladder property. Due to the
ladder property one has the following relations in the eigenbasis ¢, of the generator K;:

K1¢n = An@n K1¢m = Ap®m An ?E Am
K = [K) fi(K1) + K2 /(K1) + K3 f5(K1)]K,

where fi(K;), f2(K1) and fz(K;) are some functions to be established.
It is valid if the new eigenvalue A,, satisfies the quadratic equaticn

A2+ 22+ Admhn + B +2n) + C =0
where A, B and C are some constants and we take into account that m = n £ 1.
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Combining all the above relations with the duality property one obtains the generic
solution for the commutation relations of generators Ky, K, and K3 only in the following
+ form: :

diK Ky + KoKy =ap+ a1 Ky + @Ky + a3 K
B K K +di K3 K2
=bo+ b1 K1 + baKa + b3Ks + by K1 Ko + bs Ko Ky + beKE + b KoKy Ko (1)
dsK3K| +ds K1 K3
= co+ 1K1 + 2Kz + c3Ks + caK1 K2 + ¢s Ko Ky + 6K E + o7 K1 K2 Ky
where d; are deformed parameters and a;, &y, ¢; are structure constants.

The algebra (1) will be called the general Askey—Wilson algebra with three generators
GAW(3) to distinguish the case of QAW(3). One can construct the ladder representation of
(AW(3) in the eigenbasis ¢, of generator X; only from commutation relations:

Ky % = dp % n Koy = for1 % Gnp1 kg + fr* du
a3 * K3 % = [dy * dpy1 +do % hn — @] % frpt * fupa
+[(dy + o)k Ay 7y — o — @1 * Ay — @ ¥ 1]
4y + [d) ¥ Aoy T 2 % Ay — ] * fo ¥ Ppr.
To find the spectium X, and the matrix coefficients [y and r, we must demand the following
limitations: 4
L=t @)
where the same notation is introduced:
Yy = dsd, + dgdy — ascy Y, = dsds = dgd;
¥y = dad) + dsdy — asby Yo = dsdy = dady
Y3 = —[dsas + dics + ascs) = —ldsar + dacs -+ ascs)
Y3 = —[dsar + d1b3 + asbs] = —[dae1 + dabs + asbs]
Y4 = —[asc + a1 (ds + dg)] Ys = apcs — ascy
Yo = —[mabg + ax(ds + dy)] Y6 = agbs — asbo
Ys = ayc3 — asc; — aolds + ds) 7 =axe3 —azez
¥s = asby — ash; — anlds + ds) Y3 = ayby — ashy.
So, for f,, r, and A, we have the expressions
_ Y2+ VsAa+ Vs

r =Ap — Ap—
? Yogngn+1 Bn = A T At
AnApy f,.? = ZnlEn—ilnlp—1 + YTAHAH—I/YZ + YG(A‘H + A-n—})/YI - Q
Y: Y
Y= 4

nit2h Y420
F=[h-%Yl/Y,  NT~-TY=|F|
An = Apt1 — Anet p=A =Y T+T'+1/Y,=0
where A, = T%" for F =0, A, =N[T*E£T™"] for F #0 and @ is the Casimir value.
Now one introduces a new generator K]

K3 =ay+ a1 K + @K + 03K : (3)
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and use some limitations (2). Finally, we have the following version of algebra GAW(3):
di K1 K, + KKy = K

d3 KK, + da KKy = 2RK, K Ka + Ar{Kn, K} + A2K§ +C1 K1+ DKy + Ey 4
d3 K3 Ky + daK1 Ky = 2RK KoKy + Aa(Ky, Ko} + A1KE+ Co Ky + DKy + Es

where dods = didy and {., .} denotes the anticommoutator. )
Recalling the ‘forminvariance’ of our algebra (1) to transformations of shift and dilation;

L=fXi+tn K= 5hXo+w K3 = X3+ 1. &)
Applying transformations (3) and (5} we obtain the following commutation relations:
diX1 X+ XXy = X;
d3 X2 X} + diX 3 Xo = 2R X2 X1 X + (X1, X2} Pr(12) [ B2 + X5 P2(11)/ By

+X2Pa(n1, v2, ) 18182 + X1 Pa(v2) /B3 + P, va, v3)/ 181 B3)
dsX5X) + de X1 X4 = 2R X1 X X1 + (X1, X2} Pa(r)/ B + X3P (1) / Bo

+X1 Pa(n1, v, v/ [B1B2) + X P} B2 + Po(s, o, va) /16231

where P;(x;) are polynomials of arguments x;.
So, one can always reduce any structure constant to an arbitrary quantity except R. In
this respect, our algebra GAW(3) definitely differs from previously considered QAW(3).
Let us take dy = p, do = —g and ds = r. Finally, equation (4) can be rewritten in the
non-symmetrical form

PKi1Ky —gKaK, = K3
pKoKz —gK3Ks = %(ZRKzKI Ko+ AiKy, Ko} + A Kz + C Ky + DK + Ey)

PKsKi — qK1Ks = ZQRK\ KoKy + AglKi, Ko} + MK} + CoKa + DKy + o)

* or in the symmetrical form ‘

tK Ko —t 7 KKy = Ka

tKaKs —t7VK3Ky = é(ZRKgK; K2+ A{Ky, Ko} + A2K2 + C1 K\ + DK, + Er)

1
tKaKy) —t7 K K5 = ;q_(zRKl K2K1 + Ao{Ky, Ko} + A1K? + C2K2 + DKy + E2).
We see that the transition from the non-symmetrical to the symmetrical version of GAW(3)
can be performed by
K™= (o) K™ and  £=p/y.

In conclusion, for the non-symmetrical version of algebra GAW(3) (p = r) we give the
explicit expression of the Casimir operator 0 commuting with all the generators Kz and
briefly discuss the overlap problem:

Q= (P ;rq —R) (—K1K3K1 — K3K3Ks + ALK KoKy + A2Ko K Ko + C2 K

| +CIK? + B3 Ky + E1 K1) + (K1K2K Ko + Ko K1 KoKy + AK KoK
+A3K2K1 K> + DKy, K3} + Ex Ky + E1 K1) pg — A1A2(K, K>}
—A1CL K, — A3Ci K.
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The overlap functions between the dual bases of the generators Kj and K are the
generic Askey-Wilson polynomials P, ((x)), which can be expressed in terms of the basic
hypergeometric function 4®3 [3]:

I1+e 148, 1+y

where the argument jpe(x) = 7% 4 T*H+r+,

There is a complicated correspondence between the polynomial parameters o, 8, ¥, &
and T and the deformed parameters p, g and structure constants of the GAW(3). The fuil
and detailed examination of this question, and also the representations for the GAW(3),
will be considered in the next paper. However, now we represent one simple example for
comparison with the results of [3). In this case one has ’

Al=A2=0 Cy = Cy = pgsinh?2W

Ap =coshW(2n + 1) 2cosh2W =p/g+q/p—2R

2 Platinr) [15=3(cosh2Wp — cosh2Wpy)

Ie= g2ApAa—1  4sinh®2W sinh® 2Wn sinh W(2n — 1) sinh W(2n + 1)

where cosh 2Wp;:are the roots of the characteristic polynomial P of fourth order of argument

cosh2Wp.
Here, there is, therefore, the following correspondence:

—n, n+l4a+8, —x, x+1+y8
Pn(ﬂ(x))=4¢3{ : I, T,

T =¥ o=po+p2 B=po+pa
Y =po— p d=p3+p x=s5—s50=5—(y+8)/2
(for detail see [3]).
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